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Five Minute Science Lesson: 
Using the Statistical Test of Proportions to Unveil Hidden Disparities

Raymond Nelson

Science is a systematic process used to 
solve complex problems in the natural 
world. Science is also used to understand 
the human behavior. Statistics and prob-
abilities are the mathematical language 
of science, and anyone who wishes to 
engage in, make use of, or understand 
the results from scientific experiments 
or scientific tests will face an obliga-
tion to become familiar and fluent with 
probabilistic discussion, probabilistic 
procedures, and probabilistic concepts. 
Scientific decisions emerge quantitative-
ly from rigorous mathematical logic and 
the preponderance or consistency of in-
formation. This approach acknowledges 
the inherent uncertainty in many scien-
tific conclusions, and relies on rigorous 
evaluation of the strength, variability, and 
reproducibility of the evidence that may 
support different possible conclusions. 
In this way, probabilistic information pro-
vides a foundation for informed choices 
in a world where certainty is rare. 

Whereas an intuitive or intellectual ap-
proach to science involves the formula-
tion of new knowledge or conclusions 
based on abstract thinking and previ-
ous knowledge or held assumptions, an 
empirical approach to science relies on 
observation, experimentation, and the ob-
servation and analysis of data. Empirical 
science begins with a hypothesis – of-
ten in the form of a question or conjec-
ture based on either abstract thinking or 
inconsistencies in observed or expected 
data – followed by data collection and 
analysis. 

In the paradigm of null hypothesis signifi-
cance testing (NHST), an experimenter 
will systematically obtain evidence for an 
experimental condition and then evaluate 
the strength of the evidence for the dif-
ferent possible conclusions. The different 
possible conclusions are often described 
as the null hypothesis (H0) which states 
essentially that there are no real differ-
ences between the observed evidence, 
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such as the frequency of some event, 
and the alternative hypothesis (H1 or HA) 
which states that there is a real differ-
ence in the observations. The HA is an 
explicit statement of expectation that the 
observed data, when transformed into 
numerical quantities, will be statistically 
significant – that the observed data will 
be inconsistent with information driven 
by random chance. In other words, in the 
NHST paradigm, when the probability of 
obtaining the observed data due to ran-
dom variation alone is sufficiently small 
it can then be assumed that the observed 
data is due to a real difference in the ex-
perimental conditions. In this case the H0 
can be rejected, and the HA can be said to 
be supported by evidence1.

Introduction to the Test of Proportions

One very simple and useful method to 
evaluate the probabilistic strength of 
evidence for different possible conclu-
sions is a statistical Test of Proportions 
(TOP). TOPs can be calculated in differ-
ent ways, including using the z-test ap-
proximation for two sample groups and 
via the chi-squared (χ²) test for three 
sample groups. The TOPs are used to 

evaluate the observed data or evidence 
as to whether differences in the frequen-
cy of observed events are consistent with 
random variation. Regardless of whether 
there are two groups or more, there are al-
ways two possible conclusions – that the 
observed differences between the groups 
are within the expected range that can be 
attributed to random variation, or they are 
statistically significant. TOPs can be es-
sential tools in data analysis whenever 
there is a need to investigate different 
possible conclusions about differences 
in observed proportions between groups 
or categories.

Z-test Approximation for the Test for 
Proportions of Two Samples

A z-test is a common statistical test 
that uses the standard normal distribu-
tion (Gaussian distribution or bell-curve2 
) which has a mean of 0 and a standard 
deviation of 1. Many naturally occurring 
phenomena conform to this distribution. 
Because the mathematical properties of 
this distribution are well known, for any 
sample of normally distributed data it is 
fairly easy to calculate the proportion of 
data values that are greater than or less 

1 However, a statement that an HA that is supported by evidence is not the same as stating that the HA has been proven or 
is supported by mathematical and logical proof. Much of the available scientific knowledge exists in the form of theories 
that are supported by evidence, and for which it is acknowledge that our present knowledge remains incomplete. There is 
nearly always more to learn about reality, the universe, and human behavior.
2 This distribution is also sometimes referred to as the Quetelet distribution, for Adolphe Quetelet, a Belgian statistician 
who used it to describe human physical and social characteristics during the early half of the 19th century. It is commonly 
referred to as Gaussian because Carl Friedrich Gauss did extensive work with the distribution in the context of astro-
nomical observations in the early 19th century. It is also referred to a bell-curve because the characteristic bell-shape of 
the distribution. Approximately 68% of values are within +/1 standard deviations of the mean, with approximately 95% of 
values within +/- 2 standard deviations, and approximately 99% of values within +/-3 standard deviations from the mean. 
And while a number of other distribution types are also highly useful, the normal distribution has been used extensively 
in virtually all areas of science and data analysis.
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than any individual value. A very conve-
nient aspect of this distribution is that 
tables of z-values have been published 
extensively in numerous statistics text-
books. An even more convenient aspect 
of this distribution is that virtually every 
microcomputer today (including, mobile 
devices, tablets, laptops, and desktop 
computers) includes well-formulated cal-
culation tools with built-in functions to 
calculate z-values.

 Approximation, in this usage, refers to the 
use of a convenient distribution in place 
of a less convenient one. In this case, 

Figure 1. Z-test Approximation for the Test of Proportions. 

Figure 2. Calculation of the pooled standard error.

Figure 3. Calculation of the pooled proportion.

the TOP data is binomial – involving the 
numbers of observations and possibili-
ties. With a sufficiently sized dataset the 
discrete values of the binomial distribu-
tion become asymptotic with or approxi-
mate the standard normal distribution.3 

For this reason, the convenient computa-
tions of the normal distribution are often 
substituted for the calculation of actual 
binomial probabilities. Formally, the TOP 
involves the mathematical and statisti-
cal comparison of the difference between 
two sample proportions. The formulae for 
the TOP is shown in Figures 1, 2 and 3.

differences between the groups are within the expected range that can be attributed to random variation, 
or they are statistically significant. TOPs can be essential tools in data analysis whenever there is a 
need to investigate different possible conclusions about differences in observed proportions between 
groups or categories. 
 
Z-test Approximation for the Test for Proportions of Two Samples 
 
A z-test is a common statistical test that uses the standard normal distribution (Gaussian distribution or 
bell-curve2) which has a mean of 0 and standard deviation of 1. Many naturally occurring phenomena 
conform to this distribution. Because the mathematical properties of this distribution are well known, 
for any sample of normally distributed data it is fairly easy to calculate the proportion of data values 
that are greater than or less than any individual value. A very convenient aspect of this distribution is 
that tables of z-values have been published extensively in numerous statistics textbooks. An even more 
convenient aspect of this distribution is that virtually every microcomputer today (including, mobile 
devices, tablets, laptop, and desktop computers) includes well-formulated calculation tools with built-in 
functions to calculate z-values.  
 
Approximation, in this usage, refers to the use of a convenient distribution in place of a less convenient 
one. In this case, the TOP data are binomial – involving the numbers of observations and possibilities. 
With a sufficiently sized dataset the discrete values of the binomial distribution become asymptotic 
with or approximate the standard normal distribution3. For this reason, the convenient computations of 
the normal distribution are often substituted for the calculation of actual binomial probabilities. 
Formally, the TOP involves the mathematical and statistical comparison of the difference between two 
sample proportions. The formulae for the TOP is shown in Figures 1, 2 and 3.  
 
Figure 1. Z-test Approximation for the Test of Proportions.  

 
 
 
 

 

2 This distribution is also sometimes referred to as the Quetelet distribution, for Adolphe Quetelet, a Belgian statistician 
who used it to describe human physical and social characteristics during the early half of the 19th century. It is 
commonly referred to as Gaussian because Carl Friedrich Gauss did extensive work with the distribution in the context 
of astronomical observations in the early 19th century. It is also referred to a bell-curve because the characteristic bell-
shape of the distribution. Approximately 68% of values are within +/1 standard deviations of the mean, with 
approximately 95% of values within +/- 2 standard deviations, and approximately 99% of values within +/-3 standard 
deviations from the mean. And while a number of other distribution types are also highly useful, the normal distribution 
has been used extensively in virtually all areas of science and data analysis.  

3 Asymptotic, in this usage, means "in the limit" or "as n goes to infinity." So, the binomial distribution is asymptotically 
normal as n approaches infinity. But for any fixed n, it's still a discrete distribution (with no meaningful or useful 
fractions in between the discrete values) whereas the normal distribution is continuous (with an infinite number of 
potentially continuously smaller fractional values in between each scale item).  

 
 
Figure 2. Calculation of the pooled standard error. 

 
 
 
 
Figure 3. Calculation of the pooled proportion. 

 
 
Where: 
 

• p1 and p2 are the sample proportions (the number of observed events compared to the number 
of possible events), and 

• n1 and n2 are the number possible events (the sample group sizes) 
 
The z-value (from the formula in Figure 1) can be used to obtain a p-value from the standard normal 
distribution. And the resulting p-value can be interpreted as the likelihood or probability of obtaining 
the observed data under the H0 (if the H0 were correct).  
 
If the p-value is sufficiently small – less than an alpha level, or tolerance for type-1 error, that was 
stated before obtaining the data and before completely the calculations, then the H0 can be rejected and 
the data can be said to support the HA. Conversely, the H0 cannot be rejected if the p-value exceeds the 
alpha level, in which case the data do not support the HA. However, this states only that the H0 cannot 
be rejected, and is not to say that the data have proved the H0 to be correct.  
 
X2 Test of Proportions for Three Samples 
 
The TOP can be extended to three or more samples using the chi-squared (X2) test. Formally, the X2 test 
is used to evaluate the independence of the sample categories. Figure 4. shows the formula for the X2 
TOP.  
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3Asymptotic, in this usage, means “in the limit” or “as n goes to infinity.” So, the binomial distribution is asymptotically 
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Where:

•	p1 and p2 are the sample propor-
tions (the number of observed events 
compared to the number of possible 
events)

•	n1 and n2 are the number of possi-
ble events (the sample group sizes)

The z-value (from the formula in Figure 
1) can be used to obtain a p-value from 
the standard normal distribution. And the 
resulting p-value can be interpreted as 
the likelihood or probability of obtaining 
the observed data under the H0 (if the H0 
were correct). 

If the p-value is sufficiently small – less 
than an alpha level, or tolerance for type-1 

error, that was stated before obtaining 
the data and before completely the calcu-
lations, then the H0 can be rejected and 
the data can be said to support the HA. 
Conversely, the H0 cannot be rejected if 
the p-value exceeds the alpha level, in 
which case, the data do not support the 
HA. However, this states only that the H0 
cannot be rejected, and is not to say that 
the data have proved the H0 to be correct. 

X2 Test of Proportions for Three Samples

The TOP can be extended to three or more 
samples using the chi-squared (X2) test. 
Formally, the X2 test is used to evaluate 
the independence of the sample catego-
ries. Figure 4. shows the formula for the 
X2 TOP. 

Figure 4. X2 Test of Proportions. 
 

 
 
Where: 
 

• O is the observed frequency of occurrence, and  
• E is the expected frequency under H0 

 
 
Historical Application of the TOP: Addressing Gender Bias in College Admissions 
 
A historical example of the application of the TOP involved addressing gender bias in college 
admissions during the 1970s. During this period, concerns arose regarding potential gender bias in the 
admission practices of colleges and universities in the United States – specifically at the University of 
California at Berkeley. It was suspected that women were facing discrimination, leading to unequal 
representation in higher education. Statisticians and researchers subsequently applied the TOP, 
specifically the z-test for two samples, to assess whether there were statistically significant differences 
in the proportions of male and female applicants admitted to educational institutions.  
 
Initial results using data from all academic departments showed that differences in college admission 
rates were statistically significant with men being admitted more frequently. However, results for 
individual departments show a reversal of this trend due to the differences in the frequency (number) of 
male and female applicants in different departments. Females applied more frequently to more highly 
competitive departments, where rejection was more likely, while males applied more frequently to 
departments with less competitive admissions4. Although overall 44% of male applicants were 
admitted, compared to 35% of female applicants, when individual departments were analyzed no 
department was discriminating against female applicants, with a small but statistically significant bias 
in favor of female applicants. The trend of females outpacing males in college admissions and 
graduations has been observed consistently since the late 1970s, though females are underrepresented 
in some areas of study.  
 
Application of the TOP to Polygraph Countermeasure Analysis 
 
The comparison question technique (CQT) is a form of scientific credibility assessment (lie detection) 
test that relies on the comparison physiological responses to relevant questions (RQs) about the event 
in question with responses to comparison questions (CQs). All forms of scientific testing are concerned 
with the construct validity of the test data and test result. Polygraph testing does not detect or measure 
deception per se, simply because deception is an amorphous construct). Instead, polygraph tests rely on 

 

4 This reversal of statistical trends for whole group and sub-group data is referred to as Simpson’s paradox.  

Figure 4. X2 Test of Proportions.

Where:

•	O is the observed frequency of oc-
currence, and 

•	E is the expected frequency under 
H0

Historical Application of the TOP: 
Addressing Gender Bias in College

Admissions

A historical example of the application 
of the TOP involved addressing gender 
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bias in college admissions during the 
1970s. During this period, concerns 
arose regarding potential gender bias in 
the admission practices of colleges and 
universities in the United States – spe-
cifically at the University of California at 
Berkeley. It was suspected that women 
were facing discrimination, leading to 
unequal representation in higher educa-
tion. Statisticians and researchers subse-
quently applied the TOP, specifically the 
z-test for two samples, to assess whether 
there were statistically significant differ-
ences in the proportions of male and fe-
male applicants admitted to educational 
institutions. 

Initial results using data from all aca-
demic departments showed that differ-
ences in college admission rates were 
statistically significant with men being 
admitted more frequently. However, re-
sults for individual departments show 
a reversal of this trend due to the differ-
ences in the frequency (number) of male 
and female applicants in different depart-
ments. Females applied more frequently 
to more highly competitive departments, 
where rejection was more likely, while 
males applied more frequently to depart-
ments with less competitive admissions4.
Although overall 44% of male applicants 
were admitted, compared to 35% of fe-
male applicants, when individual depart-
ments were analyzed no department was 
discriminating against female applicants, 
with a small but statistically significant 
bias in favor of female applicants. The 
trend of females outpacing males in 

college admissions and graduations has 
been observed consistently since the late 
1970s, though females are underrepre-
sented in some areas of study. 

Application of the TOP to Polygraph 
Countermeasure Analysis

The comparison question technique 
(CQT) is a form of scientific credibility 
assessment (lie detection) test that re-
lies on the comparison physiological 
responses to relevant questions (RQs) 
about the event in question with respons-
es to comparison questions (CQs). All 
forms of scientific testing are concerned 
with the construct validity of the test data 
and test results. Polygraph testing does 
not detect or measure deception per se, 
simply because deception is an amor-
phous construct). Instead, polygraph 
tests rely on autonomic signals that are 
correlated with deception in the CQT, and 
for which statistical models can be de-
veloped using combinations of different 
signals. Because scientific tests of all 
types are used to quantify phenomena 
that cannot be subject to perfect deter-
ministic observation (immune to human 
behavior and unaffected by random varia-
tion) or physical measurement (which re-
quires a physical phenomena, and would 
be subject only to random measurement 
error), scientific test results are inherently 
probabilistic and rely on the statistical re-
lationship between a phenomena of inter-
est that cannot be measured physically 
and proxy signals that are available for re-
cording and measurement. To the degree 

4 This reversal of statistical trends for whole group and sub-group data is referred to as Simpson’s paradox. 
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that all physiological activity is associ-
ated with multiple forms of human activ-
ity, polygraph tests, like many scientific 
tests, may include some vulnerabilities to 
strategic faking or manipulation, and sta-
tistical methods can be used to monitor 
and reduce such vulnerabilities.

A difficulty for those who attempt to vol-
untarily manipulate or fake their poly-
graph test data will be that there is some 
likelihood that voluntary faking activity 
may produce data that is qualitatively or 
quantitatively distinct from normal auto-
nomic activity. Unusual or atypical data 
signals  are referred to by polygraph ex-
aminers as “artifacts” or more generally 
as “atypical physiological activity.” A re-
lated difficulty is that data artifacts may 
sometimes be the result of involuntary or 
innocent causes, and the mere presence 
of data artifacts may lead to suspicions 
or accusations of faking under some 
high-risk or high-value circumstances. 
Because the CQT is a standardized and 
systematic procedure, faking efforts must 
also be systematic if they are to be effec-
tive. That is, successful faking in the CQT 
must systematically reverse the loading 
of changes in physiological activity that 
occur in response to different types of 
test stimuli under the analytic theory of 
the polygraph test. So, while consistent 
systematic activity may have the greatest 
potential to alter the resulting numerical 
values it will also have the greatest vul-
nerability to be easily observed. More so-
phisticated faking efforts might involve 
the use of a variety of strategic activi-
ties that are executed in an inconsistent 
or pseudo-random manner that may be 
less easily observed, but which, if they 
insufficiently systematic, may also fail to 

achieve the desired reversal of loading of 
the physiological data.

A difficulty for polygraph field practitio-
ners and is that is while the mere ob-
servation of unusual activity may not be 
difficult, attempts to make accurate at-
tributions about the motivation or intent 
of such activity requires accurate insight 
into an examinee’s motivation or state of 
mind – whether observed artifacts are 
systematic and deliberate or random and 
involuntary. Many polygraph artifacts can 
produce similarly atypical data regardless 
of whether they are voluntary and system-
atic or involuntary. If it were possible to 
gain accurate insight into the examinee’s 
state of mind it might preclude the need 
for polygraph testing. Moreover, when 
considering the presently insurmountable 
complications surrounding the possibil-
ity of mind-reading at the present time, it 
becomes problematic, and therefor incor-
rect, to attempt to make attributions that 
observed artifacts are voluntary or sys-
tematic when attribution to a plausible in-
nocent cause has not been ruled out in an 
acceptable scientific manner. 

The common scientific approach to the 
need to make decisions under circum-
stances that are subject to inherent un-
certainty is to use statistical methods 
to quantify the margin of uncertainty or 
level of confidence that the data can pro-
vide in support of the different possible 
conclusion. The TOP provides a viable 
means to investigate the possibility of 
systematic faking by evaluating the fre-
quency and proportions of data artifacts 
that occur in response to different types 
of test stimuli. If the TOP indicates a sig-
nificant difference in the proportions data 
artifacts during CQs compared to RQs, it 
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suggests that countermeasures may be 
in use. This information can be valuable 
in evaluating the reliability of polygraph 
test results and adjusting interrogation 
strategies accordingly.

Conclusion

Science is a structured process that 
helps solve complex issues in the natural 
world and understand human behavior. 
It uses statistics and probabilities as its 
mathematical language. Scientific con-
clusions, with inherent uncertainties, are 
derived from rigorous mathematical logic 
and consistent information. Probabilities 
form the bedrock of informed decisions in 

a world where certainty is elusive. While 
intuitive science is based on abstract 
thinking and assumptions, empirical sci-
ence relies on observation and data analy-
sis. Null Hypothesis Significance Testing 
(NHST) is a method where evidence from 
experiments is used to evaluate the valid-
ity of null and alternative hypotheses. The 
Test of Proportions (TOP) is a statistical 
method to analyze the strength of evi-
dence. It can be executed through z-tests 
for two samples or the chi-squared (X2)test 
for three or more samples. Historically, 
the TOP has been used to address gender 
biases in college admissions and has ap-
plications in polygraph countermeasure 
analysis.
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